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and 

�� �� �� ��tiit ������ 11  for all 1�!t  

owing to the payment of interest on interest. 
 

 
 

Therefore, for any given yearly interest rate i and any term longer than one year, accumulation 

under compound interest is larger than that under simple interest. For instance, we have 

�� �� iiii 21211 22 ���!����� ��  for 2� t , the difference 2i  being the interest on interest. 

When the term t is not integer, the linear convention (and hence mixed compounding) can also 

be applied, whereby the future value (or accumulation) FV at time t of a principal C is 

�� �� �� ��1 1nFV C i i�G� �� ��  

where t n �G�  � � with n integer and 0 1�G� d � d. If, for instance, 3n �  years and 

0,25 years 3 months�G�  �  , the accumulation factor is �� �� �� �� �� ��25,011 3 iitf �����  and stems from 

the use of compound interest over a 3-year term followed by the use of simple interest over a 3-

month term. 

Since the exponential function �� ��1 ti��  is convex, we have 

�� �� �� �� �� ��1 1 1n ni i i �G�G ���� �� �t ��  

Therefore, for any integer term ( 0�G�  and t n� ) the same accumulation is obtained with either 

rule; for any non integer term mixed compounding gives a larger accumulation. The graphs of 

both accumulation factors for 100%i �  are plotted in the following diagram 
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Established in 1817 as the New York Stock and Exchange Board, NYSE is the largest and most 

important American stock exchange. Established in 1773, LSE is the largest and most important 

European stock exchange. The global stock market was centred on the latter (former) in the 19th 

(20th) century, when electric telegraph and telephone were invented. Notably, Paris bourse 

closed down in 1789 owing to the French Revolution, whereas Amsterdam was occupied by 

French troops in 1795. 

NYSE merged with Euronext in 2007 and acquired AMEX in 2008, whereas LSE merged with 

BI in the same year. Euronext is a group established in 2000 and made up of the Amsterdam 

Stock Exchange, Brussels Stock Exchange, Paris Bourse, London International Financial 

Futures and Options Exchange (since 2002), and Lisbon Stock Exchange (since 2002). 

 

Financial markets include: money markets, capital markets, derivative markets, currency 

markets, and commodity markets. Short-term financial contracts with an original term to 

maturity lower than or equal to 1 year are traded on a money market. They include: Treasury 

bills (see Exercise 4), repurchase agreements (see Exercise 2), certificates of deposits (see 

Exercise 3), bank acceptances (see Example 8), commercial papers, as well as interbank 

deposits and loans, with Libor and Euribor (see Exercise 5) being the main interbank ask rates. 

Each capital market is divided into 2 sectors: the fixed income market and the stock market. 

Bonds with an original term to maturity greater than 1 year are traded in the former, whereas 

stocks are traded in the latter. 

Italian Treasury securities are issued through regular electronic tenders conducted by the 

Bank of Italy and are listed on BI. Corporate bonds are either publicly  or privately placed. 

A public offering  may be conducted by a syndicate of merchant/investment/universal banks; 

the bookrunner, or lead manager, organises the syndicate of underwriters  and sellers (e.g., in 

7-10 days after a firm commitment mandate), keeps the syndicate book of total demand and 

works together with the issuer to finalise the prospectus and determine the offering price (e.g., 

in 5 more business days). The prospectus provides accurate but redundant information about the 

prospects of the issuer and the terms of the transaction; it must be endorsed by the competent 

regulatory authority, i.e. CONSOB in Italy. The initial estimate of the offering price is revised, 

as the syndicate book is updated. The offering price is charged on the primary market (e.g., for 

15 more days). Underwriters act on a firm commitment  or a best efforts basis. In the former 

case, they may buy all newly issued corporate bonds from the issuer at discount and endeavour 

to resell them at the offering price. Alternatively, underwriters may commit themselves to 

buying the unsubscribed corporate bonds. At any rate, since the issuer is generally an important 

company with a good credit rating, they run the underwriting risk, i.e. of a financial loss 
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b) the monthly accumulation factor and the equivalent rate of compound interest. 

Suppose that the same capital was lent again to another bank at the earliest convenience. Find 

c) the start date of the second unsecured interbank loan. 

 

Solution. 

a) The first loan under examination began on Wednesday, January 14th and ended on Monday, 

February 16th, since February 14th, 2004 fell on Saturday. The actual term was 331617 � ��  

days, as the last (first) day must (not) be taken into account. 

b) The monthly accumulation factor is 

00191,1
360
33

*0,020821 � ��
 

Let i be the equivalent rate of compound interest on a transaction that went from 14/1/2004 

to 16/2/2004; we have 

�� �� 360/331
360
33

*0,020821 i��� ��
 

from which it follows that %,*, i
/

10221
360
33

0208201
33360

� ���¸
�¹

�·
�¨
�©

�§ ��� . 

c) The second loan under examination began on Monday, February 16th; the appropriate Euribor 

charged was posted on Thursday, February 12th. 

1.3. Equivalent rates of compound interest 

Let time t be measured in years and 0 be the present time. Suppose that a principal C is lent over 

the term �> �@0;t  and that interest is compounded m times per year at the periodic rate 
m

j
i m
m � , 

with the contractual rate mj  being a nominal yearly rate convertible m times per year.  

Consider the case of a current account; although the contractual rate is a yearly rate mj , 

interest is compounded at a smaller periodic rate 
m

j
i m
m � : 2� m  �� ��4� m  implies that interest 

is compounded half-yearly (quarterly ) at the half-yearly (quarterly) rate 
2
2

2
j

i �  �¸
�¹

�·
�¨
�©

�§
� 

4
4

4
j

i . 
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Let i be the periodic rate of simple (or compound) interest. We have 

�� ���� �� �� �� �� ���� �� �� ��1 1 1 1  it i i t it i i t�W �W �W �W�� �� � �� �� �� �z �� ��    with simple interest 

�� �� �� �� �� ��1 1  1t ti i i� W � W���� �� � ��    with compound interest 

Therefore, the accumulation factor ( ) 1f t it�  � � based on simple interest is not consistent 

whereas the accumulation factor �� ��( ) 1 tf t i�  � � based on compound interest is consistent. 

Proposition. 

A differentiable accumulation factor ( )f t  is consistent iff  (if and only if) it is such that 

�� ��( ) 1 tf t i�  � �, namely iff  interest is compounded. 

 

PROOF. 

We have �� �� �� �� �� ���W�W ��� �� tfftf lnlnln  and hence the Cauchy functional equation 

�� �� �� �� �� ���W�W ��� �� tggtg  owing to the substitution �� �� �� ��tftg ln� . For 0� � �Wt  the Cauchy 

equation becomes �� �� �� �� �� ��000 ggg � ��  and hence �� �� 00 � g . Differentiating the Cauchy equation 

with respect to t yields 
�� �� �� ��

dt
tdg

dt
tdg �W��

�  so that 
�� ��

�G� 
dt

tdg
. Therefore, we have�� �� ttg �G� , as 

only a straight line with a null intercept has a constant derivative and is such that�� �� 00 � g . 

Finally, �� �� �� �� ttgtf �G� � ln  is equivalent to �� �� tetf �G� , i.e. to an accumulation factor based on 

continuous compound interest at the nominal rate �G convertible momently. 

 

When consistency holds, future (and present) values can be calculated in several manners. For 

instance, since the above definition can be rewritten as 

( )
( )

( )
f t

f t
f

�W
�W
��

�    for all , 0t �W�t  

the accumulation of 1 over the term �> �@0;t  can also be obtained as the present value at time t of 

the accumulation of 1 over the term �> �@0;t �W�� . This mathematical property comes in useful 

when dealing with annuities, also implying that the comparison of several annuities based on the 

same rate of interest i results in the same ranking irrespective of the appraisal time. 
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12
81

1

850.4

950.4

price buying

price selling

principal

onaccumulati

d��
� � � 

 

from which it follows that 3,030%� d , with d being a rate of commercial discount. Since 

commercial discount is not consistent and the investment breaks up before maturity, the 

actual yield on the transaction is different from the constant yield to maturity. 

c) The proper discount factor is t��03,1 , where 3% is the yield to maturity and t is the time to 

maturity . Therefore, the buying price is 103,1*000.5 �� , whereas the selling price is 

1240310005 /,*. �� . The unknown actual yearly yield meets the equation 

�� ��12
8

103,1
03,1*000.5

03,1*000.5

price buying

price selling

principal

onaccumulati 12/8
1

12/4
r��� � � � 

��

��

 

from which it follows that 3,000%� r , with r being a rate of compound interest. Since 

compound interest is consistent, the actual yield on the transaction is the same as the 

constant yield to maturity. 

No arbitrage with 2-variable accumulation factors 

Let time t be measured in suitable units and 0 be the present time. Denote with );0( tf  an 

accumulation factor that depends on the start and end dates of a financial transaction (e.g., the 

start and expiry dates of an interbank  loan). 

 

Definition. 

The 2-variable accumulation factor );( �W��ttf  is consistent if  

);0();();0( �W�W ��� �� tfttftf    for all , 0t �W�t  

namely if accumulation is not affected by the course of action taken by the investor. 

 

Proposition. 

A differentiable accumulation factor );( �W��ttf  is consistent iff  (if and only if) it is such that 

�¸
�¸

�¹

�·

�¨
�¨

�©

�§
� �³

t

dtttf
0

)(exp);0( �G , namely iff  interest is continuously compounded at the nominal rate 
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the t-th payment R being due after t years). Such sequence of positive payments is represented 

by the following diagram 

 

 R R  R  
0 1 2  t  

 

The present value at time 0 of an immediate level perpetuity is 

 

where the annuity factor  is the present value of a sequence of an infinite number of yearly 

unit payments calculated one year before the first payment is made. 

 

PROOF. 

We have: . 

 

An immediate geometric perpetuity issued or bought at time 0 is a sequence of an infinite  

number of yearly payments in arrears growing by a geometric progression, the first payment 

R being due after 1 year (and the t-th payment  being due after t years, where g is 

the yearly rate of growth). Such sequence of positive payments is represented by the following 

diagram 

 

       

0 1 2 3  t  
 

The present value at time 0 of an immediate geometric perpetuity is 

 

where  for our geometric series to converge. The following proof is new and alternative to 

the original one by the Swiss mathematician Leonhard Euler (1707-1783). 
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amount  100 100 100 100 100   

time 0 1 2 3 4 5   

 

a) The present value of the annuity at issue is 

 

Keep in mind that  is the present value at a 4% rate of 5 periodic unit payments, 

calculated one period before the first payment is made. 

b) The last payment will be made at time 5. The future value of the annuity 5 years after issue is 

 

namely the accumulation of 5 payments. Keep in mind that  is the future value at a 4% 

rate of 5 periodic unit payments, calculated at the time the last payment is made.  

c) The value of the annuity 3 years after issue is 

 

namely the accumulation of 3 payments plus the present value of 2 subsequent payments. 

d) The value of the annuity 3 years and 3 months after issue is 

 

We have  as well; however, the 2 annuity 

factors  and  are not susceptible of a financial interpretation. 

 
REMARK.  

Recall that  and  owing to consistency, which 

proves helpful when checking for computation errors. 
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For , i.e. for the loan to be entirely repaid at time n, the sequence of instalments 

 must be financially equivalent to the amount lent . There are different 

manners to impose this constraint, which are all equivalent owing to the assumption of 

compound interest. The simplest one is called initial closure condition and requires that the 

present value of all instalments, calculated at time 0 and at the rate i, is equal to the amount lent 

 

As proved in Exercise 17 point c, if the initial closure condition is met, the outstanding loan 

 is the present value of all the remaining instalments at any time t, with . 

Moreover, it is readily ascertained that . The former (latter) is 

the most important (simplest) prospective (retrospective) espression of the outstanding loan 

. 

Exercise 18 and Exercise 20 deal with French-type amortisation and floating rate 

amortisation, both very frequently used in practice. French-type amortisation requires a fixed 

rate i and constant instalments R so that the initial closure condition simplifies as 

 

Moreover, as proved in Exercise 18 point c, capital repayments increase exponentially with time 

by the equation . Floating rate amortization allows for a floating rate of 

interest. In its simplest yet commonest form, the time patterns of capital repayment and 

outstanding loan are set once and for all at negotiation time ; more precisely, all n 

instalments are supposed to be constant and such that their present value at the initial  interest 

rate is equal to the amount lent C. In contrast, the remainder of the repayment schedule is drawn 

up with time; more precisely, one additional row of the repayment schedule is filled 

immediately after a payment, as the interest rate is reset and the interest and instalment for the 

subsequent period are calculated. 

Exercise 19 deals with Italian -type amortisation, less frequently used in practice. It requires a 

fixed rate i and constant capital repayments  so that the elementary closure condition 

simplifies as 
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a) The first half-yearly payment is worth 

 

b) Let : from  we calculate  and then 

 eventually obtaining . As capital 

repayments increase exponentially with time, we have  so that 

 

time t, end of the 
t-th period 

instalment 
 

interest 
 

capital repaid 
 

outstanding loan 
 

0    34.000,00 
1 9.146,92 1.020,00 8.126,92 25.873,08 
2   8.370,73 17.502,35 
3   8.621,85 8.880,50 
4   8.880,50 0,00 

 

c) The repayment schedule is reported in the following table, where  and 

. 

 

time t, end of 
the t-th period 

instalment 
 

interest 
 

capital repaid 
 

outstanding loan 
 

0    34.000,00 
1 9.146,92 1.020,00 8.126,92 25.873,08 
2 9.146,92 776,19 8.370,73 17.502,35 
3 9.190,68 568,83 8.621,85 8.880,50 
4 9.169,12 288,62 8.880,50 0,00 

 

Notice that  entails that ; in other words, an increase (a decrease) 

in the half-yearly rate of interest is matched by an increase (a decrease) in the half-yearly 

instalment, as intuition would suggest. 

 

REMARK.  

The outstanding loan  is unfortunately other than the present value at time t and at the 

periodic rate  of all  remaining instalments , unless a 

theoretically sounder approach is followed, whereby the time patterns of capital repayment and 

outstanding loan are not set once and for all at negotiation time. The instalment  as well as 

















Ettore Cuni, Luca Ghezzi 
 

 
70 

REMAR K. 

If the real investment project is to be undertaken by an existing company, all entries of each 

simplified income statement, balance sheet, and cash flow statement are incremental. 

 

Financial indicators such as the net present value, the internal rate of return , the profitability 

index, and the payback period are calculated relative to the projected sequence of yearly free 

or equity cash flows. Let  be the projected cash flow for the t-th year; if 0 is the appraisal 

time, and n is the time horizon, the relevant sequence is 

 

      

0 1 2   n 

 

where the last amount  is the sum of a cash flow and a terminal value. As a general rule, 

pro-forma financial statements are projected as long as each of them captures some features 

peculiar to the corresponding business year, whereas the terminal value may be provided by a 

dividend discount model under the conventional assumption that for  the real 

investment project is in a steady state with free (equity) cash flows growing at a constant long-

run rate, in line with the average growth rate per year of the underlying economy. If the real 

investment project is financially sound, all the above-mentioned financial indicators will point 

that out. 

When projecting a pro-forma income statement and balance sheet, some entries play the role of 

pivot elements, as other entries are expressed as a percentage of theirs. For instance, inventory 

and receivables may be expressed as a percentage of the proceeds of sales, whereas payables 

may be expressed as a percentage of total costs; all percentages may be equal to appropriate 

historical averages. 

Keep in mind that the income statement is compiled on an accrual basis, whereas the cash flow 

statement is compiled on a cash basis. The inputs to the cash flow statement of the t-th year are 

some items of the income statement of the t-th year as well as the changes in some items of the 

balance sheet of the t-th year with respect to the previous business year. The procedure for 

obtaining either an equity cash flow or a free cash flow is sketched in the following table, 

where, e.g., , equity being raised for  and 

stocks being bought back for . As for the accounting adjustments, recall that 

depreciation is added back to net income, since it is a cost not matched by an expenditure, i.e. a 

noncash item; an increase in inventories is taken away from net income, since it is an 
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3.2. Net present value (NPV) 

Let time t be measured in years and time 0 be the appraisal date; let a real investment project 

be represented by a stream of forecast (yearly) expenditures , where , and (yearly) 

receipts , where . 

 

      

      

 

The net present value at time 0 of our investment project is 

 

where r is the required rate of (compound) return , per year as default. Our setting is 

semideterministic, as all cash flows are semicertain. Although they are represented as if they 

were certain, they are not so. As explained in Cuthbertson-Nitzsche (2001, p. 82), a sensitivity 

analysis can be performed to have a feel for the impact of uncertainty on the net present value 

, which, for instance, can be calculated 3 times with reference to either a pessimistic, or an 

intermediate, or an optimistic scenario. A similar approach can be taken when assessing the 

internal rate of return, the profitability index, or the payback period of the investment project. 

It is readily ascertained that the net present value is a linear operator: if the investment project A 

with net present value  and the investment project B with present value  are carried 

out together, the resulting net present value is 

 

Moreover, if we double all the cash flows of the investment project A, the resulting net present 

value is 

 

As shown in Exercise 24, the required rate of return r has a twofold meaning, being both a cost 

of capital and a reinvestment rate. Each company must reward its stakeholders at a yearly rate 

called cost of capital that depends on the business under examination, the company financial 

record and the company financial structure . If  is a free (equity) cash flow, r is a cost of 
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The internal rate of return  is an appropriate real root  of the equation 

 

such that . Any multiple of a real investment project has the same internal rate of return. 

In some instances the root  could not exist or there could be several real roots greater than -1; 

however, for the important class of investments in a strict form  the real root  exists, is 

unique, and can take any sign. The following propositions on the internal rate of return (per 

year) could come in useful when checking a financial model for errors. 

 

Proposition. 

If all expenditures occur earlier than all receipts, the internal rate of return is well-defined. In 

other words, there exists a unique appropriate root, which may be positive, zero, or negative. 

 

Proposition. 

If receipts exceed expenditures  and all expenditures occur earlier than all 

receipts, the internal rate of return is unique and positive. 

 

Example 14. 

 -5 -5 -5 10 10 

t  1 2 3 4 

 

Solution. 

Since , and all expenditures occur earlier than all 

receipts, the internal rate of return r is well-defined, positive and equal to 12,1% per year,  as 

can be checked by using the IRR  built-in function of a spreadsheet package. 

 

SKETCH OF PROOF. 

Consider the above stream of payments and let ,  and  denote its present value, future 

value and value at time t. The value at time 2 of this stream of payments is 
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per year, as can be checked by appropriately using the IRR  built-in function of a spreadsheet 

package. 

 

Proposition (C.J. Norstrøm, 1972). 

Let payment dates be evenly spaced and  be the cash balance at time t, 

after the payment  has occured. If  for  and the sequence  

contains precisely one change of sign, then the present value equation has a unique positive 

root (keep in mind that if ,  must be considered as a change of sign). 

 

Example 16. 

 -5 1 -3 8 4 

 -5 -4 -7 1 5 

t  1 2 3 4 

 

Solution. 

As shown in the second row of the above diagram, there is only one change of sign in the time 

pattern of the cash balance, that takes place between time 2 and 3. Therefore, the internal rate of 

return r is well-defined, positive and equal to 22,1% per year, as can be checked by using the 

IRR  built-in function of a spreadsheet package. 

 

The following properties of , the net present value at time 0 of a real investment project 

in a strict form , will come useful in the sequel; they are illustrated by the figures of Exercise 28 

and Exercise 29. 

 

Proposition. 

If all expenditures occur earlier than all receipts, we have  only for , where 

 is the unique internal rate of return. Indeed, the net present value , whenever positive, 

is a decreasing and convex function of the required rate of return r with . 

Moreover,  can have only one stationary point, which is a negative minimum. 
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free cash flows being generally the same as the original equity cash flows, we can 

calculate the adjusted present value  of the real investment project as the sum of 2 

terms 

 

with  being the net present value of the all equity financed project and  being 

the net present value of debt. The appropriate cost of equity  for an ungeared firm is 

used to calculate the former, whereas the cost of debt i is used to calculate the latter; in 

principle, we have . It is readily ascertained that the latter is equal to the net present 

value of the interest tax shield, i.e. 

 

where  is the corporate tax rate and  is the present value at time 0 of the interest tax 

shield beyond time n. Indeed, each amount borrowed is equal to the present value at the 

rate i of all subsequent interest and capital repayments. Whenever the risk of bankruptcy 

is not negligible, the present value of the expected bankruptcy costs must be taken away 

from . According to the usual approach, the present value of the expected 

bankruptcy costs is equal to the probability of bankruptcy times the present value of the 

bankruptcy costs. The estimation process is indirect and hard. More precisely, Table 4 is 

a typical source for the probability of bankruptcy, provided that a bond rating has been 

estimated. Moreover, studies on actual bankruptcies are the source for the present value 

of the bankruptcy costs; however,  considerable errors are very likely to occur. This is 

unfortunately a weakness of the adjusted present value. 

 

REMARK.  

Actually, as modelling errors may occur, the simulated free cash flows are not  completely 

reliable. In engineering sciences, modelling errors are tackled by introducing an adequate 

safety margin; accordingly, the adjusted present value  ought to be adequately greater than 

0 and each annual debt service cover ratio ought to be adequately greater than 1,3. 
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Solution. 

Discounting the sequence of free cash flows at the rate  obtains . 

Therefore, we have 

 

such an adjusted present value being an estimate of the enterprise value at time 0. Computing r 

amounts to computing the internal rate of return of the following sequence of cash flows 

 

 -7.080,2 -2.161,1 -2.249,5 -4.421,8 1.670,3 1.959,0 1.959,0 

t 1 2 3 4 5 6 7 

 
 1.959,0 1.959,0 1.959,0 1.959,0 1.959,0 963,2 11.390,4 

t 8 9 10 11 12 13 14 

 

Using the IRR built-in function of a spreadsheet package obtains . 

3.5. Appraisal of a company in business practice 

Discounted cash flows and financial multiples are the 2 main appraisal methods used in 

business practice. Many Anglo-Saxon professors of Corporate Finance are in favour of 

discounting cash flows, whereas many market practitioners mostly rely on financial multiples. 

In principle, both methods may be used and reconciled with each other. 

In the former case, appraisal is analytical and prospective. A balance sheet and an income 

statement are projected (on a spreadsheet) for 3-5 or 10 subsequent years so that a cash flow 

statement and a sequence of free cash flows can be obtained. Recall that only business activities 

are considered, whereas the management of excess cash, a financial activity, is disregarded. 

Moreover, a terminal enterprise value after 3-5 or 10 years is calculated, by the use of a 

dividend discount model and/or of a financial multiple; an estimate of the enterprise value is 

then obtained as the present value of free cash flows and terminal value, both discounted at a 

cost of total capital, often a weighted average cost of capital (see Benninga and Sarig, 1997, 

chapts. 3 and 8). Alternatively, an adjusted present value can be calculated by applying the 

theoretically sounder procedure presented in Section 3.4. Finally, equity cash flows can also be 

discounted at a cost of equity capital, the outcome being an estimate of the market value of 

equity capital (see Benninga and Sarig, 1997, chapt. 13). Free cash flows are hard to use 
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an increase (decrease)  in the yield to maturity brings down (puts up) the dirty price and 

hence the clean price . The price reaction to any given  is asymmetric: a positive 

(negative)  causes  to drop less (rise more). 

 

 
 

For any given yield to maturity , it can be proved by mathematical induction that the 

further the maturity n, the higher the clean price is. In other words, the price-yield curve 

becomes steeper and turns clockwise around the par point, as the maturity n gets more distant. A 

case in point is portrayed in the drawing above, where  and . 

Actual yield 

Suppose that a fixed rate bond is bought at time t and held until expiry. Since its yield to 

maturity y is an internal rate of return, all of the coupons are implicitly assumed to be reinvested 

at that yield, which is unlikely to be the case. Therefore, the actual yield on the bond is usually 

other than its yield to maturity y. The effect exerted by the reinvestment rate is examined in 

Exercise 34, where an intermediate maturity n is considered and reinvestment rates are 

consistent with a low inflation setting. 

Although medium and long run reinvestment rates are very difficult to predict, prediction errors 

are likely to be similar for bonds with the same maturity, which might explain why, when 

comparing bonds with similar maturities (and similar credit ratings), bond fund managers make 

reference to their yields to maturity. Moreover, as explained in Gibson (2008, chapt. 13), when 

considering the relative appeal of US stocks and bonds in a tactical asset allocation, the 

forecast returns of the latter are simply their yields to maturity. 

0

50

100

150

0% 5% 10% 15% 20% 25% 30% 35% 40%

Pclean(y)  n=2 Pclean(y)  n=5 Pclean(y)  n=10
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is tangent to the  curve at point . To anticipate the impact on  

of a sudden change in y, use can be made of such tangent parabola, i.e. a quadratic 

approximation. For instance, if y rose to 8,50%, there would be an approximate capital loss of 

2,819 with  dropping to 97,181 or so. Recall that the actual dirty price after the change in 

yield to maturity is 97,180. 

 

In the following table, reference is still made to an 8% coupon bond with yearly coupons and 8 

years to maturity. Different changes  of the yearly yield to maturity y are considered, with 

the actual bond price  being compared with its linear and quadratic approximation. The 

former is based on the financial duration, whereas the latter includes the convexity as well. For 

small changes  of the yearly yield to maturity y the linear approximation is fairly accurate, 

whereas for larger changes  the quadratic approximation is to be preferred. 

 

  Linear approx. Error Quadratic approx. Error 

-5% 135,098 128,731 -6,367 134,183 -0,915 
-3% 119,390 117,239 -2,151 119,202 -0,188 
-1% 105,971 105,746 -0,225 105,964 -0,007 

-0,5% 102,929 102,873 -0,056 102,928 -0,001 
0,5% 97,180 97,127 -0,053 97,181 0,001 
1% 94,465 94,254 -0,211 94,472 0,007 
3% 84,562 82,761 -1,801 84,724 0,162 
5% 76,006 71,269 -4,737 76,721 0,715 

 

Suppose that different amounts of money are invested in different bonds that have the same 

yearly yield to maturity y. Let  be their furthest maturity. The portfolio value PV obeys an 

equation like 

 

where  is the face value of bonds A in the bond portfolio. 

 

Proposition. 

The portfolio convexity is 

 

where the weights  are the proportions invested in the 3 bonds. 
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b) The dirty price must drop, since all remaining payments are discounted at a larger yearly rate 

. Its change can be estimated as 

 

so that its new approximate value is . 

c) We have 

 

and hence the more accurate approximation . 

It is readily ascertained that the actual dirty price after the change in yield to maturity is 

equal to 101,675. 

 

REMARK.  

Recall that as long as y does not change over time and no payment is made, the financial 

duration decreases linearly as time goes by, which proves helpful when checking for 

computation errors. In the case under examination this implies that 

D 27 months before maturity  D 3 years before maturity9 months  

 

Exercise 37. 

Consider a 6% coupon bond with face value of 100 percent, half-yearly coupons, and 9 months 

to maturity. Suppose that each month has 30 days and the yield to maturity is 6,09% per year 

effective. Find 
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purpose vehicle uses such repayments to reward the various tranches of bonds in accordance 

with their priority order. 

As previously mentioned, the default risk is borne by the special purpose vehicle and hence all 

bondholders. The pool of residential mortgages is well diversified by geographic location. 

Moreover, it is granular, each individual borrower having a small weight; for instance, it might 

include more than 10.000 residential mortgages. Nevertheless, credit is enhanced in different 

respects. First of all, bonds are split into a few tranches; as the senior tranche is sheltered by 

more subordinated junior tranches, it is likely to be AAA (Aaa) rated. Moreover, default risk 

can be mitigated by overcollateralisation or additional guarantees. Overcollateralisation occurs 

when the face value of the residential mortgage loans is appropriately larger than that of the 

bonds. Additional guarantees are generally provided by other banks, through letters of credit, or 

insurance companies, e.g. through surety bonds, against the payment of regular commissions or 

premia. Finally, the most junior tranche is typically retained by the originator. 

 

REMARK.  

When structuring or rating the different tranches, one needs to estimate the time pattern of the 

expected loss on the pool of residential mortgages. The securitization under scrutiny is 

traditional , as the pool of residential mortgages is granular. As for default risk, the individual 

residential mortgages can be considered as independent of each other. Therefore, default 

probabilities and recovery rates can be estimated by applying actuarial methods to historical 

data; more precisely, the empirical weighted averages of yearly marginal default rates are used 

as proxies for default probabilities. The expected loss in the t-th year since issue is equal to the 

corresponding default probability multiplied by the loss given default, which depends on the 

exposure and the recovery rate. 

In contrast, if the securitization were innovative, the pool could be made up of commercial 

loans provided to fewer than 200-300 borrowers. As the individual commercial loans are 

dependent on each other, default correlations need to be taken into account. As a consequence, 

both financial calculus and estimation procedures become more involved. 

 

Such a securitization process is complex and very expensive; therefore, the pool of residential 

mortgages is large and the process is run by an arranger such as a merchant, investment, or 

universal bank. 
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payments, called legs by market practitioners, are a function of a notional capital, which is not 

exchanged. The effective date follows the fixing date by 2 business days. The floating leg is 

made up of half-yearly floating payments in arrears, each depending on the notional capital and 

the floating rate, the 6 month Euribor with settlement at the very beginning of the corresponding 

6 month term. The fixed leg is made up of half-yearly fixed payments in arrears, each worth the 

notional capital multiplied by half of the fixed rate, the Irs rate agreed upon at trade time. More 

precisely, use is made of the bid (ask) rate, if the half-yearly fixed payments are made (received) 

by the financial intermediary; any bid-ask spread provides a reward for financial intermediation. 

When it comes to tackle such financial problems as the measurement of the credit spread of a 

bond or the valuation of derivative contracts, a term structure is needed of homogeneous 

interest rates that are (almost) free of credit risk. Let  be a spot rate of interest per year, 

charged on a loan that starts at time t, ends at time T, and is repayable with a lump sum. A term 

structure is a finite sequence of elements  with t given, T free, such that the accumulation 

factors  and/or  do increase with the term . When not stated 

otherwise, settlement lags, commissions, fees, and taxes are assumed away and 30-day months 

are considered throughout this section, in line with the 30/360 European day count convention. 

If reference is made to an appropriate currency and the above-mentioned interest rates, 2 term 

structures (almost) free of credit risk can be measured every day, with the former (latter) 

concerning the money market (Treasury market). For any term, the former (latter) points out the 

yearly spot rate at which a financial intermediary (a government) with a sound credit rating (AA 

or Aa in principle) may borrow money. Implicit interbank rates are calculated by using the 

bootstrap method, whereas Treasury bonds are easier to treat owing to coupon stripping (see 

Exercise 47).  

  

REMARK.  

Let  the yield to maturity at time t of a Treasury bond that expires at time T. The yield 

curve  is other than the term structure  of interest rates . 

 

If derivative contracts are appraised by using the money market rates, as usually occurs in the 

business place, the resulting theoretical prices will rule out any arbitrage opportunities both for 

banks and other financial intermediaries, since worse terms are applied to the latter ones (lower 

rates on deposits and higher rates on loans). 

The interbank  market is supported by a telematic network linking all authorized operators. For 

each term shorter than a year, bid and ask rates are quoted every day; the former is applied to 
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3) one unknown Euribor is obtained at a time by considering an interest rate swap agreed upon a 

time 0, with term equal to 1,5 years at first, 2 years then, and so forth. Keep in mind that both 

legs should have the same present value at trade time, which is calculated at the Euribor rates 

in our case. If we suppose that the notional capital is exchanged at the expiry of each swap, 

the floating (fixed) leg can be appraised, mutatis mutandis, as in Exercise 51, point a (in 

Exercise 44, point c), since it becomes like a floating (fixed) rate bond. As a consequence, 

we have 

 

and hence  as well as 

 

and hence . 

 

REMARK.  

As explained in Hull (2012, chapt. 6), the intermediate section of a money market term 

structure, e.g. the one with terms falling between 3 and 15 months, may be estimated by taking 

out information from some futures on short term interest rates (e.g. the 3-month Euribor), as 

those derivative contracts are very liquid. Moreover, futures are free of credit risk, by virtue of 

the margin system managed by the clearinghouse of each futures exchange. 

5.2. Forward rates of interest 

Let time be measured in years and 0 be the present time. A forward  rate  agreed upon 

today is an interest rate set today that applies over an agreed term  beginning at a future 

time t. It is charged at time T on a capital C lent over the term  and repaid with a lump 

sum. 
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Solution. 

Let time be measured in years and 0 be the present time. We have 

. Substituting those values into the no 

arbitrage equations 

 

 

 

and simplifying obtains . 

According to the first no arbitrage equation, lending a principal C for 6 months at the spot rate 

 is the same as first lending a principal C for 3 months at the spot rate  

and then its accumulation  for 3 more months at the forward  rate 

. 

 

Although no allowance has been made for such frictions as taxes, bid-ask spreads, commissions, 

and fees, our no arbitrage equations provide a reasonable approximation for the gross 

accumulation of a large principal, as frictions are a small fraction of the total expense. 

 

REMARK.  

If the time pattern of the spot rates of interest were known, each forward rate of interest , 

set at time 0, would be the same as the future spot rate of interest , set at time t and charged 

over the term . Under such conditions of certainty, the no arbitrage equations would 

define the notion of consistency for 2-variable accumulation factors. As proved in Section 1.3, a 

2-variable accumulation factor is consistent, iff (if and only if) interest is compounded; for 

instance, we have 

 

However, according to the empirical evidence each forward rate of interest  would be 

equal to the sum of the expected value of the corresponding future spot rate of interest  and 
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term 3m 6m 1y 2y 3y 5y 
rate (9 months ago, %) 2,60 2,80 3,00 3,10 3,10 3,15 

rate (today, %) 2,70 2,90 3,10 3,20 3,20 3,25 
 

Find the clean price of the bond under the assumption that the coupon rate is equal to a 1-year 

spot rate 

a) with no spread; 

b) with a spread of 20 basis points (=0,20 %). 

 

Solution. 

Let time be measured in years, 0,75 be the present time and 2 be the bond expiry. The latest 

coupon was paid 9 months ago at time 0. Let  be the 1-year spot rate quoted 9 

months ago and  be the 3-month spot rate quoted now. 

a) The next coupon, worth , will accrue 3 months from now at time 1; the clean price 

of the bond will then be 100. The dirty and clean prices of the bond are 

 

and 

 

with  being accrued interest. 

b) Let  be the 3-month and 15-month 

spot rates quoted now, with the latter being obtained by linear interpolation. This floating 

rate bond includes two components: the floating rate bond of point a) as well as a sequence 

of 2 payments, each worth , due 3 and 15 months from now. The dirty 

and clean prices of the bond are therefore 

  
and 

 

with  being accrued interest. 
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